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Abstract: Let & be a graph with p vertices and g edges and
A={135..,q}if g is odd or A ={1,3,5,...,g +1} if g is even. A
graph G is said to be an odd vertex equitable even labeling if there
exists a vertex labeling f:V(G) — A that induces an edge labeling
f* defined by f*(uv) = f(u) + f(v) for all edges uv such that for all
vi(a) —vp(b)| =1 and the induced edge labels are

2 and & in 4,
2,4, ...,2q, where v¢(a) be the number of vertices v with f{v) = a for

a €A A graph that admits odd vertex equitable even labeling is

called an odd vertex equitable even graph. In this paper, we prove

that are odd vertex equitable even graphs.
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1. INTRODUCTION
All graphs considered here are simple, finite, connected and

undirected. Let G(V,E) be a graph with p vertices and g edges. We

follow the basic notations and terminologies of graph theory as in [2].
A graph labeling is an assignment of integers to the vertices or edges
or both, subject to certain conditions and a detailed survey of graph
labeling can be found in [1]. The concept of vertex equitable labeling
was introduced by Lourdusamy and Seenivasan [5]. Jeyanthi et al.
introduced the concept of odd vertex equitable even labeling in [3].

Definition 1.1: Let G be a graph with p vertices and g edges and
A={135,..,q} if g is odd or A ={1,3,5,..,g +1} if g is even. A
graph & is said to be an odd vertex equitable even labeling if there
exists a vertex labeling f:V(G) — A that induces an edge labeling
f* defined by f*(uv) = fu) + f(v) for all edges uv such that for all a
and b in 4,

ve(a) —vp(b)]| =1 and the induced edge labels are
2,4, ...,2q, where v¢(a) be the number of vertices v with f(v) = a for

a €A A graph that admits odd vertex equitable even labeling is

called an odd vertex equitable even graph.
Definition 1.2: The subdivision of graph S(G) is obtained from G by

subdividing each edge of & with a vertex.
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Definition 1.3: The corona Gy (G2 of two graphs Gi(py,q1) and
G2(p2,q2) is defined as the graph obtained by taking one copy of Gy
and py copies of Gz and joining the i® vertex of Gywith an edge to
every vertex in the " copy of G5.

Definition 1.4: A quadrilateral snake @, is obtained from a path
Uy, Uz, Uz, ..., Uy by joining u;,U;4+4 to new vertices vy, w; respectively
and then joining v; and w;. That is every edge of the path is replaced
by a cycle Cis.

Definition 1.5: A double quadrilateral snake D{Q,) consists of two

quadrilateral snakes that have a common path.

Definition 1.6: A double alternate quadrilateral snake DA(@Q,,) consists of
two alternate quadrilateral snakes that have a common path. That is,
a double alternate quadrilateral snake is obtained from a path
Uy, Uz, Ug, ..., Uy by joining uzand u;4+q to the new vertices v, x; and
w;, ¥; respectively and adding the edges v;w; and x;V;.

2. Main Result

Theorem 2.1 The graph @, () K; is an odd vertex equitable even
graph.

Proof. Let u4,uj,..,u, be the vertices of the path F,. Let
ViQ, QK ={uyu,:1=i=n}U{y,w,v,w,:1=i=n—1} and
E(Q,OK)={uu:1=i=n}u

{uiqu,uivi,viwi, wiqu,vivi',wiwi' rl=i=n-— 1}. Then, @,, & Ky is
of order 6n — 4 and size 7n — 6.

Case (i): n is odd.

Define f: V(Q,, & K;) — A=1{1,3,..,7n — 6} as follows:
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(7i—6 if iisoddandl=i=n

f(uf}zL?i—S if iisevenandl =i =n;
o _[7Ti—06 if iisoddandl=i=n-—1
f(ui}___?i—? if iisevenandl=i=n-—1;

(7i—4 if iisoddandl =i=n-—1

f(tﬂf}zk?I—E if iisevenandl=i=n-—1;
oy _[7i—4 if lisoddandl=i=n—1
f(f’f}_ﬁ—B if iisevenandl =i=n-—1;
, _{?1—2 if iisoddandl=i=n-—1
Fw) =17; 1 if iisevenandl=i=n-—1;

K _{?1 if iisoddandl=i=n-1
flw:) = Ti—1 if iisevenandl=i=n—1

It can be verified that the induced edge labels of @, ®K; are
2,4, ...,14n — 12, Hence the graph @, @K is an odd vertex equitable
even graph.

Case (ii): 1 is even.

We define a vertex labeling f: V(Q, ® K;) — A= {1,3,..,7n — 5} as
follows. Assign the labels to the vertices ui,u; for 1=i=mn and
v, Wi, 'r:-'t-'Jw:-' for 1l =i =n—1 asin Case (i). It can be verified that the
induced edge labels of @, @K; are 2,4, ...,14n — 12, Hence the graph
Q. ®K; is an odd vertex equitable even graph.

Example 2.2: An odd vertex equitable even labeling of Qs ®kK; is

shown in the Figure 2.1.



A. LOURDUSAMY, J. SHOBANA MARY AND F. PATRICK 5

3

~
w
~1

21 25 27

Figure 2.1
Theorem 2.3 The graph D{Q,,} is an odd vertex equitable even graph.

Proof. The quadrilateral snake is obtained from a path uy,ug, ..., Us,.
Let V(D(Q)) ={viwyv,w :1=isn—1JU;:1=i=<n} and
E(D(Qn)) =

{01 =i=n— 1}U{u25—1t—"g‘;u2g‘—1f-"iljugi“ri,ugiuril, 'r:-':-w:-,'r:-'i' wz.' 1=
i=n—1}L

Then, D(@,,) is of order 5n — 4 and size 7n — 7.

Case (i): n is odd.

Define f: V(D(Q,.)) — A= {1,3,...,7n — 6} as follows:

{ —6 if iisoddandl =i=n
flug) = Ti—7 if iisevenandl =i =n;

_{ —6 if iisoddandl =i=n-—1
flwvd = 7i—5 if iisevenandl =i=n-—1;
i {?1—2 if iisopddandl=i=n-—1
flws) = 3 if iisevenandl =i=n—1;
{ —4 if iisoddandl=i=n-—1

f(t' 7i—3 if iisevenandl =i=n-—1;

K _{?1 if iisoddandl=i=n-—1
flw) = 7i—1 if iisevenandl=i=n-—1
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It can be easily verified that the induced edge labels of D(@,) are
24, ...,14n — 14 Hence the graph D(@,) is an odd vertex equitable
even graph.

Case (ii): n is even.

We define a vertex labeling f:V(D(Q,)) — A={13,...,7n—7} as
follows. Assign the labels to the vertices u; for 1=i=n and
Vi, Wi, 'r:-'z-'JwE-' for 1 =i =n—1 as in Case (i). It can be verified that the
induced edge labels of D{@,) are 2,4, ...,.14n — 14. Hence the graph
D{(@,,) is an odd vertex equitable even graph.

Example 2.4: An odd vertex equitable even labeling of D{Q.) is

shown in the Figure 2.2.
[ 5 9 11 15 19
' 7 15 21
3 7 11 13 17 21

Figure 2.2
Theorem 2.5 The graph DA(Q,) is an odd vertex equitable even

graph.

Proof. The quadrilateral snake is obtained from a path 1y, uz, ..., Up,.
Let V(DA(Q,))={viwyv,w :1=i=n—1JU;:1=i=n} and
E(DA(Qn)) =

w1 =i=n—13U {uivi,u-v- Uz Wi, Ui W, W, W, 120 =

) N
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Then,
In—2 if n isodd
voae =[5 ° L
_[4n—4 if n isodd
DA ={gn 1 17 nieoven
Case (i): n is odd.
Define f: V(DA(Q,)) — A = {1,3,...,.4n — 3} as follows:
_{41’—3 if iisoddandl=i=n
flug) = 4i—1if iisevenandl =i =n;

Flw,) =8i—3, 1-=_:1-=_:[

f(v,))=8i—5, 1-=_:1f_:EJ;

flw)=8i-1 1=is= FJ

It can be easily verified that the induced edge labels of DA(@Q,) are

24, ..,8n — 8. Hence the graph DA(Q,) is an odd vertex equitable

even graph.

Case (ii): 1 is even.

We define a vertex labeling f:V(DA(Q,)) — A =1{13,..,4n—1} as

follows. Assign the labels to the vertices u; for 1=i=mn and

Vi, Wi, 'r:-'z-'JwE-' for 1=i= EJ as in Case (i). It can be verified that the

induced edge labels of DA(Q,) are 2,4, ...,8n — 2. Hence the graph

DA(Q,) is an odd vertex equitable even graph.

Example 2.6: An odd vertex equitable even labeling of DA(Qz) is

shown in the Figure 2.3.
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3 7 11 15
Figure 2.3

Theorem 2.7 The graph 5(@,,) is an odd vertex equitable even graph.
Proof. Let u4,uj,..,u, be the vertices of the path F,. Let
viso={uy:1=i= n}U{tﬂiJu'i,tﬂi'Ju'i'Jungi rl=i<sn— 1} and
E(5(Q.)) = {ufu;“;“HLHEfr”flsff’flf’f:”z'xn

x Wy, w:-w:-', w:-'uHi:i =i=n—1} Then, 5(Q,,) is of order 7n — 6 and
size 8n — 8.

Define f: V(5(Q,)) = A = {1,3,...,8n — 7} as follows:

flu)=8i—7, 1=i=mn;

flu)=8i-1,1=i=n-1;

flv;)=8i—-51=i=n—-1;

flv)=8i-7,1=i=n—1;

flw,)=8i—1,1=i=n-1;

flw)=8i-3 1=i=n-1;

flx;)=8i—-5 1=i=n—1.

It can be easily verified that the induced edge labels of S5(@,) are
24, ..,16n — 16. Hence the graph 5(@,) is an odd vertex equitable

even graph.

Example 2.8: An odd vertex equitable even labeling of 5{@4) is shown
in the Figure 2.4.
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Figure 2.4

Theorem 2.9 The graph S(D{(@,])) is an odd vertex equitable even
graph.

Proof. Let V(5(D(Q,))) = {u;:1 =i = n}Ufv;, w;, 'rf:-',wi.',

U, X, X0 202,V Vs ¢ 1 = 1= n— 1) and E(S(D(Q,))) =

{waug ue g u v, v v vz Z W W, Win 1 S i sn — 1)

U g, 0 2020, 2095, 700, 9 Wiea: 1 = 1 = n— 1), Then, S(D(Q,)) is of
order 12n — 11 and size 14n — 14,

Define f: V(5(D(Q,,))) = A ={1,3,...,14n — 13} as follows:
flu;)=14i —13, 1 =i =n;

flu)=14i—1,1=i=n—1;

flv)=14i—-11, 1=i=n—1;

flu)=14i—-13, 1=i=n—1;

flw)=14i—-7, 1=i=n—1;

flw)=14i—-9,1=i=n—1;

flx;)=14i -5, 1=i=n—-1;

flx)=14i-7, 1=i=n—1;

fly)=14i—-1, 1=i=n—1;

fiv)=14i-3, 1=i=n-1

flz,)=14i—11, 1 =i=n—1;

flz;))=14i—5 1=i=n—1.
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It can be easily verified that the induced edge labels of 5(D(@,)) are
24, ...,28n — 28. Hence the graph 5(D(@,,)) is an odd vertex equitable

even graph.

Example 2.10: An odd vertex equitable even labeling of 5{D(Q)) is

shown in the Figure 2.5.

9 9 13 23 23 27 37 37 41
Figure 2.

Theorem 2.11 The graph S(DA(@Q,)) is an odd vertex equitable even
graph.
Proof.
Let
V{S(DA(Q,))) = {u; : 1 =i = n}Ufv,w,, v,
Wy XX 2o 20 Y0y s 121 = |2 and E(S(DA(Q)))

= {uiui,uiuiﬂ,:i Zi=n-— 1}U{uitﬂi,1ﬂi Vi, ViZi ZiWy
r r r r r r r r . iy
W W W, U g, U X, X X, X2 2 VR ViV Vi Ut 1 S0 = [:J} Then,

S(DA(Q,.))is of order 7n — 1 and size 8n — 2.

m—6 ifnisodd
VOA@D = {70 1 I e

E(DA(QH}}={BH_S if nisodd

gn—2 if niseven
Case (i): 1 is odd.

Define f: V(5(DA(Q,))) = A = {1,3, ...,Bn — 7} as follows:
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=7 if iisoddandl =i=n
—1if ijisevenandl =i =n;

{81+5 if iisopddandl=i=n-—1
flu } 1if iisevenandl =i =n—1;

Flu) ={g;

flv)=16i—13, 1=i= [”J
f)=160-15 1= =3,
fw)=16i-9,1=i = |,
flw)=160—11, 1= = |%|;

flx,)=16i -7, 1 =i

I,

r:||3 Ir--'-lx

flx)=16i—9, 1=

I,

flyvi)=16i—3, 1 =i

I,

(XN
L

flv)=161—5 1=i=

,_
ba |
e

F(z,) = 16i — 13, 1*=ia*=iFJ

flz)=16-7,1=i= %

It can be easily verified that the induced edge labels of S{(DA(@Q,,)) are
24,..,16n — 16. Hence the graph S5(DA(Q,)) is an odd vertex
equitable even graph.

Case (ii): n is even.

We define a vertex labeling f: V(S(DA(Q,))) = A ={1,3,...,8n — 1} as

follows. Assign the labels to the vertices u; for 1=i=mn, u; for

1=i=n-—1 and v, w; x; V.2, 'E. u xil}i,z for 1=i= LJ as in

r

Case (i). It can be verified that the induced edge labels of S(DA(Q,))
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are 2,4,..,16n — 4, Hence the graph S5(DA(Q,)) is an odd vertex

equitable even graph.
Example 2.12: An odd vertex equitable even labeling of S{DA(Qz)) is

shown in the Figure 2.6.

9 9 13 25 25 29
Figure 2.6

Theorem 2.13: The graph S(B,®K;) is an odd vertex equitable even
graph.

Proof: Let wu4,us U3z, ..,u, be the vertices of path F,. Let
V(S(B,OK)) = {upv,v s1=i=njufu:1=sisn—1} and
E(5(B,OK)) = {uiu;,u;uiﬂ cl=i=n— 1} U {'r:-':-‘rfz-',u:-vi' l=i= n},
Then 5(E,®K; ) is of order 4n — 1 and size 4n — 2.

Define f: V(5(B, ®K;)) = A ={1,3,5,...,4n — 1} as follows:

_[4i—1 if iisoddandl=i=n

flud = 4i—3 if iisevenand1 =i =n;

o (4—=1 if iisoddandl=i=n-—-1

flu)= [4i — 3 if iisevenandl =i=n-—1;

N (4i—3 if iisoddandl =i=n

flwvd = 4i—1if iisevenandl =i =n;

N (4i—3 if {isoddandl =i=n-—1

fly)= 4i —1 ifiisevenandl =i=n—1;
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flv,) =41 -3
It can be easily verified that the induced edge labels of 5(B,®K;) are
2,4, ...,8n — 4. Hence the graph § (B,®K,) is an odd vertex equitable

even graph.
Example 2.14: An odd vertex equitable even labeling of 5 (P.OK,) is

shown in the Figure 2.7.

15 11 13

) 11
. 2 . 2
9
9

(1

3 3 5
\ 4

1 TJ

l 7

Figure 2.7
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